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Auto-correlation functions in an equilibrium stochastic process are well-characterized by Bochner’s
theorem as Fourier transforms of a finite symmetric Borel measure. The existence of a long-time
limit of these correlation functions depends on the spectral properties of the measure. Here we
provide conditions applicable to a wide-class of dynamical theories guaranteeing the existence of the
long-time limit. We discuss the implications in the context of the mode-coupling theory of the glass
transition where a non-trivial long-time limit signals an idealized glass state.
PACS numbers: 02.50.Ey, 02.60.Nm, 61.20.Lc, 64.70.Q-
I. INTRODUCTION
Stochastic processes constitute the basis of virtually all
dynamics and therefore are of fundamental importance,
in particular in condensed matter physics. There the
quantities of interest are dynamic correlation functions,
for example via the fundamental fluctuation-dissipation
theorem [1], they encode the linear response with re-
spect to an external perturbation. Furthermore, scat-
tering techniques employing neutrons, light, or X-rays,
directly probe the dynamics via time-dependent correla-
tion functions [2].
Physically one expects that all observables are coupled
to their environment consisting of many degrees of free-
dom such that all dynamic processes are exposed to some
damping mechanism. Then correlations should decay at
large times and display only trivial behavior. In particu-
lar, persistent oscillations, quasi-periodic or intermittent
behavior should not occur. The usual scenario is thus
that correlation functions approach zero at large times
which corresponds to an ergodic behavior. A fingerprint
of non-ergodic behavior is thus if correlation functions
display a non-trivial long-time limit. In the context of
liquid dynamics [3] this non-ergodic behavior is associ-
ated with an idealized glass state, where part of the initial
correlation remains frozen-in for arbitrarily large times.
In a scattering experiment a non-trivial long-time limit
yields an elastic line at zero frequencies broadened only
by the instrument resolution.
The existence of a long-time limit for correlation func-
tions appears to be non-trivial, in particular, peculiar
examples for correlation functions (in the mathematical
literature refered to as covariance functions or character-
istic functions of a finite measure) are known that neither
display a limit, nor are they almost periodic (see [4], p.
27, Sec. 2.2).
A common strategy to develop a theory for time-
correlation functions is to derive equations of motion en-
coding the dynamics of the underlying system. For ex-
∗ thomas.franosch@uibk.ac.at
ample, the Zwanzig-Mori projection operator formalism
yields formally exact equations of motion where the com-
plexity arising due to the many-body interaction is de-
ferred to a memory kernel [1–3]. Then the question of the
existence of a (non-trivial) long-time limit for the corre-
lation function is a property inherited from the memory
kernel.
The goal of this work is to provide rather general con-
ditions on equations of motion such that the long-time
limit of the correlation function is guaranteed to ex-
ist. Such equations naturally emerge for classical many-
particle systems where the time evolution is driven by
Newtonian dynamics. In particular, they have been the
starting point for the mode-coupling theory of the glass
transition [3] which yields a series of testable non-trivial
predictions of the dynamics as a liquid is driven towards
a non-ergodic state.
The paper is organized as follows, in Sec. II basic prop-
erties of time correlation functions are recalled, The main
contribution of this work is in Sec. III where the prob-
lem is formulated and the existence of a long-time limit
is demonstrated. The connection to the mode-coupling
theory of the glass transition is discussed in Sec. IV. At
the end, conclusions and possible generalizations are pro-
vided.
II. CORRELATION FUNCTIONS IN
EQUILIBRIUM
For complex-valued observables A(t), probability the-
ory provides constraints on the class of admissable func-
tions that correspond to (equilibrium) correlation func-
tions S(t) = 〈δA(t)∗δA(0)〉 [5] in a stationary stochastic
process. Here δA(t) = A(t)− 〈A(t)〉 denotes the fluctua-
tion around its stationary mean. In particular, employ-
ing time-translation invariance, one verifies that correla-
tion functions are positive definite in the following sense:
Given a finite set of complex numbers ξi and real times
ti the quantity
∑
i,j ξ
∗
i S(ti − tj)ξj ≥ 0 is non-negative
for any correlation function. By Bochner’s theorem, the
converse is also true and therefore provides a complete
characterization of admissible functions. In equilibrium
2processes, which we define as stationary stochastic pro-
cesses such that the time-reversed trajectory is equally
likely, correlation functions are furthermore real and sym-
metric in time, S(t) = S(t)∗ = S(−t). By the spectral
representation theorem [5], correlation functions can then
be written as characteristic functions of a finite Borel
measure σ(·)
S(t) =
∫
R
e−iωtσ(dω), (1)
and for equilibrium correlation functions the measure can
be chosen to be symmetric. In particular, one infers that
correlation functions are bounded by their initial value
|S(t)| ≤ S(t = 0) = σ(R) and are uniformly continuous.
It will be useful to define the Fourier-Laplace transform
by
Sˆ(z) = i
∫ ∞
0
eiztS(t)dt, (2)
where the complex frequency z is confined to the upper
complex half plane C+ := {z ∈ C|Im[z] > 0}. The spec-
tral representation theorem implies
Sˆ(z) =
∫
1
ω − z
σ(dω), (3)
i.e. Sˆ(z) is the Borel-Stieltjes transform of the finite sym-
metric measure σ. The following properties follow read-
ily from the preceding relation for the Fourier-Laplace
transforms of correlation functions in equilibrium
(1) Sˆ(z) is complex analytic for z ∈ C+
(2) Sˆ(−z∗) = −Sˆ(z)∗
(3) limη→∞ η Im[Sˆ(z = iη)] is finite
(4) Im[Sˆ(z)] ≥ 0 for z ∈ C+
Conversely, the Riesz-Herglotz representation theorem [6]
reveals that these four conditions are sufficient for Sˆ(z)
being the Laplace transform of an equilibrium correlation
function. Functions with these properties are discussed in
the literature under the names of Nevanlinna, Herglotz,
and Pick.
III. MODEL EQUATIONS AND SPECTRAL
PROPERTIES
We consider equations of motion for the real function
S : t ∈ [0,∞[ 7→ S(t) ∈ R
J−1S¨(t) + νS˙(t) + S−1S(t) +
∫ t
0
M(t− t′)S˙(t′)dt′ = 0,
(4)
with parameters S > 0, ν > 0, J > 0 and initial condi-
tions S(t = 0) = S, S˙(t = 0) = 0. Furthermore, the
kernel M(t) is assumed to be an equilibrium correlation
function, i.e. by the spectral representation theorem [5]
M(t) =
∫
R
e−iωtµ(dω), (5)
where µ(.) is a finite symmetric Borel measure on the real
line with the Borel sets as measurable sets. In particular
such equilibrium correlation functions are real and fulfill
|M(t)| ≤M(0) = µ(R) =:M .
The equation of motion, Eq. (4), naturally emerges
in statistical physics for dynamic phenomena either
as a phenomenological model, or as derived by the
Zwanzig-Mori projection operator technique [1–3], or
field-theoretic methods. Despite its formal similarity to
an harmonic oscillator equation, the description is not
restricted to harmonic interactions. Rather the spirit is
that the complex many-particle interactions are included
in M(t), referred to as memory kernel, self-energy, or
mass operator in different physics communities.
One derives the short-time expansion of Eq. (4) for
t→ 0
S(t) =S − Jt2/2 + JνJ |t|3/6
+ J(M + S−1 − νJν)Jt4/24 + o(t4), (6)
where o(·) denotes the little-o Landau symbol. To path
the way for generalizations, we shall display equations
such that they are valid also in the case of matrix-valued
correlation functions, i.e. if the quantities S, J, ν, etc., do
not necessarily commute.
The goal of these notes is to demonstrate the existence
of the long-time limit limt→∞ S(t).
A. Representation of solutions
First we recall that S(t) is uniquely determined
and corresponds to an equilibrium correlation function
thereby introducing some notation and relations that will
turn out useful to discuss the long-time limit. The proof
is performed most conveniently in the Fourier-Laplace
domain and is basically the easy direction of the repre-
sentation theorems by Nevanlinna, Herglotz, etc. [7].
The equations of motion, Eq. (4), are readily trans-
formed to
Sˆ(z) =− [zS−1 + S−1Kˆ(z)S−1]−1, (7)
with
Kˆ(z) =− [zJ−1 + iν + Mˆ(z)]−1. (8)
Since Mˆ(z) is the Borel-Stieltjes transform of a finite
measure, the asymptotic expansion Mˆ(z) = −M/z +
o(z−1) holds uniformly in the sector δ ≤ arg z ≤ pi−δ for
any fixed angle δ > 0 (< pi/2). All asymptotic expansions
3in the complex frequencies in the following are to be un-
derstood in this sense. Then one finds the corresponding
asymptotic expansions
Kˆ(z) =− Jz−1 + iJνJz−2 + J(νJν −M)Jz−3
+ o(z−3), (9)
Sˆ(z) =− Sz−1 − Jz−3 + iJνJz−4
+ J(νJν −M − S−1)Jz−5 + o(z−5). (10)
Clearly, the expansions are equivalent to the short-time
expansion of Eq. (6).
Assuming thatM(t) is an equilibrium auto-correlation
functions is equivalent to Mˆ(z) fulfills properties (1)-(4).
Then for z ∈ C+ the imaginary part of the denominator
in Eq. (8) is positive and the inverse is well defined. Thus
properties (1) and (2) follow immediately for Kˆ(z). The
spectral representation shows that Mˆ(z = iη) = O(η−1)
as η → ∞, and one infers Kˆ(z = iη) = iJ/η + O(η−3)
as η → ∞, which includes property (3). For the last
property, write
Im[Kˆ(z)] = Kˆ∗(z)
¶
Im[z]J−1 + ν + Im[Mˆ(z)]
©
Kˆ(z) > 0,
(11)
for z ∈ C+, which shows that also property (4) is fulfilled.
Hence Kˆ(z) is again the Fourier-Laplace transform of an
equilibrium correlation function.
Repeating the argument for Eq. (7) shows that Sˆ(z)
corresponds again to an equilibrium correlation function.
Hence by uniqueness of the Laplace transform, the equa-
tions of motion yield correlation functions S(t) provided
the kernel M(t) is itself a correlation function. By the
spectral representation theorem, there is thus a finite
symmetric Borel measure σ(·) such that
S(t) =
∫
R
e−iωtσ(dω), (12)
in particular S(0) = S = σ(R).
B. The spectral measure
Generally a spectral measure can be uniquely decom-
posed
σ = σac + σs, (13)
such that σac is absolutely continuous with respect to
the Lebesgue measure (i.e. σac(N) = 0 for any Borel
set N of Lebesgue measure zero), and σs is singular with
respect to the Lebesgue measure (i.e. there is a set N of
Lebesgue measure zero with σs(R \N) = 0) [8].
The goal of this subsection is to show that the singular
measure σs corresponding to S(t) consists at most of an
atom at zero-frequency. The proof relies on the charac-
terization of the minimal support of the singular measure
as inferred from the boundary values of Im[Sˆ(z)] towards
the real line, see Theorem 3.23 in [8], in symbols
supp σs = {ω ∈ R| lim sup
η↓0
Im[Sˆ(ω + iη)] =∞}. (14)
The first step is to rewrite the equation of motion in
the Laplace domain Eqs. (7),(8) as
Sˆ(z) = −S/z +
î
zS−1 − z3J−1 − iz2ν − z2Mˆ(z)
ó−1
.
(15)
Next, a partial fraction decomposition shows that
Im[z2Mˆ(z)] + Im[z]M = Im[z]
∫
λ2
|λ− z|2
µ(dλ) ≥ 0,
(16)
for z ∈ C+, in particular Im[z
2Mˆ(z)] is non-negative
close to the real line except for corrections of order
O(Im[z]).
For later purpose we also take the limit z = ω + iη to
the real axis and infer the stronger estimate
lim
η↓0
Im[(ω + iη)2Mˆ(ω + iη)] ≥
≥ ω2 lim
η↓0
Im[Mˆ(ω + iη)] =
1
pi
ω2Dµ(ω) ≥ 0. (17)
where Dµ(ω) denotes the Radon derivative of the Borel
measure µ(·) [8].
Since − Im[w−1] ≤ (Im[w])−1 for any w ∈ C, the esti-
mate
Im[Sˆ(ω + iη)] ≤
ηS/ω2 + [ω2ν + Im[(ω + iη)2Mˆ(ω + iη)] +O(η)]−1,
(18)
shows that lim supη↓0 Im[Sˆ(ω + iη)] remains finite for
ω 6= 0. Thus supp σs ⊂ {0}. The decomposition into
a singular continuous part and a pure point spectrum
σs = σsc + σpp allows to exclude the singular continuous
part σsc = 0 and leaves at most a pure point contribu-
tion at zero frequency σpp = Fδ0, F ≥ 0, where δ0 is the
Dirac measure concentrated at the origin.
The correlation function S(t) thus can be uniquely rep-
resented by
S(t) = F +
∫
R
e−iωtσac(dω). (19)
By the Riemann-Lebesgue lemma, the absolutely contin-
uous part does not contribute at large times, such that
the long-time limit is guaranteed to exist and equals
lim
t→∞
S(t) = F = σ({0}). (20)
Quite generally the pure point part at zero frequency can
be also obtained from the Fourier-Laplace transform (see
Go¨tze [3], p. 588, Appendix A, Eq. (A.36)),
lim
t→∞
S(t) = lim
η↓0
η
∫ ∞
0
e−ηtS(t)dt = lim
η↓0
(−iη)Sˆ(z = iη).
(21)
4One can show that for arbitrary correlation functions
M(t) the long-time average defined by
lim av
t→∞
M(t) = lim
T→∞
1
T
∫ T
0
M(t)dt, (22)
always exists [3, 5]. Clearly it coincides with the long-
time limit if existent. Equivalent representation follow
from the spectral representation theorem or from the low-
frequency behavior of the Laplace transform
lim av
t→∞
M(t) = lim
η↓0
(−iη)Mˆ(z = iη), (23)
lim av
t→∞
M(t) = µ({0}), (24)
where µ(·) again represents the spectral measure associ-
ated with M(t). Performing the low-frequency limit of
the equations of motion in the Laplace domain, Eqs. (7,8)
reveals that the long-time limit of the correlation func-
tion S(t) can be evaluated from the long-time average of
the memory kernel
lim
t→∞
S(t) = S − [S−1 + limav
t→∞
M(t)]−1. (25)
Hence, the long-time limit can be readily calculated from
the long-time average of the memory kernel without solv-
ing for the entire time-dependence.
IV. IMPLICATIONS FOR MODE-COUPLING
THEORY
The mode-coupling theory of the glass transition as
developed by Go¨tze and collaborators [3] deals with a
non-linear integro-differential equation, which encodes a
plethora of non-trivial feature in striking agreement with
experiments on the evolution of glassy dynamics. Here
we review only a simplified version known as schematic
models. In the Newtonian case the starting point is an
equation of motion as in Eq. (4), yet the memory ker-
nel is given as a non-linear functional of the correlation
function itself
J−1S¨(t) + νS˙(t) + S−1S(t) +
∫ t
0
M(t− t′)S˙(t′)dt′ = 0,
M(t) = F [S(t)] =
∑
n∈N
vnS(t)
n. (26)
The functional F [F ] =
∑
n vnF
n is assumed to be ab-
solutely monotone, i.e. vn ≥ 0 and
∑
n vnS
n < ∞.
Again, the equations are subject to the initial conditions
S(t = 0) = S > 0, S˙(t = 0) = 0.
The existence and uniqueness of solutions has been
demonstrated by Haussmann [9], moreover he proved
that the solutions correspond to correlation functions
in the sense of Sec. II. The key observation is that the
mode-coupling functional F [·] maps correlation functions
on correlation functions. Assuming that the long-time
limit exists F = limt→∞ S(t) it has been shown that
the equations display a covariance property which al-
lows to demonstrate a certain maximum principle [10].
As a consequence the long-time limit can be determined
by solving merely an algebraic equation rather than by
determining the entire time-dependent solution. There-
fore the non-equilibrium state diagram, distinguishing
between ergodic ’liquid’ states and non-ergodic ’glass’
states, can be constructed by a convergent iteration pro-
cedure [3, 11].
A consequence of the proof in Sec. III is that the exis-
tence of the long-time limit of the solutions of the mode-
coupling theory is guaranteed for ν > 0. By Hauss-
mann’s proof [9] both S(t) andM(t) correspond to a cor-
relation function. Taking therefore Haussmann’s M(t)
as known, the proof of the previous section shows that
F = limt→∞ S(t) indeed exists.
The case of pure relaxational dynamics is obtained
essentially by dropping the second time derivative in
the equation of motion and specifying only the initial
value of the correlation function, – the initial value of
the derivative then follows from the equation of motion.
Then it has been shown that the solutions are correlation
functions that are also completely monotone [3, 11, 12],
i.e. by Bernstein’s theorem [5] they can be represented
as a Lebesgue-Stieltjes integral of relaxing exponentials.
Then the existence of the long-time limit is guaran-
teed, in addition to the conclusions inferred for the non-
equilibrium state diagram also the long-time behavior has
been characterized.
V. CONCLUSION
We have shown that the equation of motion displays
unique solutions that correspond to equilibrium corre-
lation functions, provided the memory kernel displays
the same properties. Furthermore the long-time limit
of these solutions always exists and can be related to the
long-time average of the memory kernel. The key ingre-
dient is to rule out a singular continuous spectrum in the
spectrum associated with the correlation function S(t),
which has been achieved by relying on a characterization
in terms of the boundary values of the imaginary part of
the Laplace transform.
In the context of liquid dynamics the proof corrobo-
rates that the mode-coupling theory encompassing the
phenomenology of the evolution of structural relaxation
is built on mathematically solid grounds. More precisely,
we have proven the assumed existence of the long-time
limit for Newtonian dynamics which is key to characterize
idealized glass states and the associated non-equilibrium
state diagram.
The generalizations to matrix-valued quantities as they
naturally occur considering several fluctuating variables,
respectively their covariance matrix, is straightforward
and the formulation chosen suggests that all equations
can also be interpreted for matrices. Then the concept of
non-negativity has to be adapted to positive semi-definite
5for matrices, etc., see e.g. Ref. [12, 13]. Matrix-valued
correlation functions occur for example considering mix-
tures of different species [2, 3, 12]. Several relaxation
channels emerge naturally for molecular fluids [14, 15] or
in confined geometry [13, 16, 17] and yield a different
mathematical structure, nevertheless it appears feasible
to demonstrate the existence of the long-time limit also
for this case.
The key observation was that the singular spectrum
could be ruled out, since in ν + Im[Mˆ(z)] > 0 the term
ν > 0 dominates for sufficiently small Im[z] > 0. Con-
ventionally this ν-term is considered to describe processes
faster than the time scales of interest, and one may ar-
gue that it constitutes an idealization and should not be
present in the microscopic problem. Then one should put
ν to zero and consider these fast processes to be included
inM(t), resp. Mˆ(z). Then Eqs. (17),(18) shows that the
conclusions still hold if limη↓0 Im[Mˆ(z = ω + iη)] > 0,
i.e. if there are no spectral gaps associated with M(t).
Then the correlation function S(t) still displays a long-
time limit, which can be obtained from Eq. (25).
One may wonder what kind of correlation functions
can be obtained in general from an equation of mo-
tion of the type of a generalized harmonic oscillator,
or conversely, which correlation functions can be rep-
resented as solutions of generalized harmonic oscillator
equations. Clearly, a necessary condition is that the
short-time expansion, Eq. (6), respectively, the high-
frequency expansion, Eq. (10), holds with parameters
J > 0, ν > 0,M > 0. Then, it is shown in Appendix A
that the representations Eqs. (7,8) in the Fourier-Laplace
domain hold, such that Mˆ(z) satisfies conditions (1)-(3)
and ν + Im[Mˆ(z)] > 0 for z ∈ C+. Going through
the proof again reveals that the long-time limit S(t)
still exists provided for each fixed Re[z], the expression
Im[iνz2 + z2Mˆ(z)] > 0 remains separated from zero for
Im[z] ↓ 0. Then the value of the long-limit can be in-
ferred from an equation analogous to Eq. (25), where the
long-time average is replaced by limη↓0(−iη)Mˆ(z = iη),
the existence of the limit being guaranteed from the
one of limη↓0(−iη)Sˆ(z = iη). In the case that already
Im[Mˆ(z)] ≥ 0 for z ∈ C+, the kernel Mˆ(z) corresponds
itself to a correlation function M(t), and S(t) also ful-
fills the generalized harmonic oscillator equation in the
temporal domain, Eq. (4).
Last, one may consider also correlation functions for
stationary stochastic processes that do not correspond to
equilibrium states. These correlation functions are then
in general complex-valued but are still Fourier transforms
of a measure, albeit not necessarily a symmetric one [5].
The corresponding Laplace transforms still fulfill prop-
erties (1),(3),(4), yet property (2) may be violated. In
particular the imaginary part Im[Sˆ](z) will not be a sym-
metric function for frequencies approaching the real line,
which reflects that absorption and emission of quanta in
a scattering process is no longer equally likely [2]. Go-
ing through the proofs again, one verifies that if we relax
the assumption for the kernel M(t) to be a correlation
function in a non-equilibrium steady state, then so will
be the solutions S(t) of the equations of motion, Eq. (4),
and again the long-time limit limt→∞ S(t) is guaranteed
to exist.
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Appendix A: Representation lemma
In this Appendix we adapt a representation lemma (see
Akhiezer [7], p.111, Lemma 3.3.6) for a correlation func-
tion S(t) displaying a short-time expansion of Eq. (6), re-
spectively, the high-frequency expansion, Eq. (10), with
parameters J > 0, ν > 0,M > 0. The adaptation per-
mits to include the term due to ν > 0, in the representa-
tion.
Since S(t) =
∫
R
exp(−iωt)σ(dω) is assumed to be
a correlation function, Sˆ(z) fullfills conditions (1)-
(4), hence in particular, they are Nevanlinna func-
tions [7]. Then by the Hamburger-Nevanlinna theo-
rem (see Akhiezer [7], p.95, Theorem 3.2.1) this implies
that J =
∫
R
ω2σ(dω), which also entails the existence∫
R
ωσ(dω) = 0, while
∫
R
ω4σ(dω) = ∞ as signaled by
the imaginary prefactor of the O(z−4) term. The high-
frequency expansion for the Nevanlinna function Sˆ(z) im-
plies a representation of the form of Eq. (7) with a Nevan-
linna function Kˆ(z) (see Akhiezer [7], p.111, Lemma
3.3.6), i.e. it reflects properties (1),(4). Property (2)
is inherited directly from the corresponding property for
Sˆ(z) by the representation. Expanding in powers of z−1
reveals the high-frequency expansion Eq. (9), in particu-
lar, demonstrating property (3). Thus Kˆ(z) corresponds
again to a correlation function.
The presence of the term iJνJz−2 in Eq. (9) spoils
the direct application of the lemma again to find the rep-
resentation of Eq. (8) with a correlation function Mˆ(z),
but a slight modification of the proof is sufficient for our
purposes.
Lemma A.1 A function Kˆ(z) corresponding to a corre-
lation function and high-frequency series
Kˆ(z) =− Jz−1 + iJνJz−2 + J(νJν −M)Jz−3
+ o(z−3), (A1)
with parameters J > 0, ν > 0,M > 0 can be represented
for z ∈ C+ as
Kˆ(z) = −[zJ−1 + iν + Mˆ(z)]−1, (A2)
6where Mˆ(z) fulfills properties (1),(2),(3) and ν +
Im[Mˆ(z)] ≥ 0 for z ∈ C+.
Proof: Since Kˆ(z) corresponds to a correlation func-
tion, there is a (symmetric) finite Borel measure κ such
that the representation
Kˆ(z) =
∫
R
κ(dω)
ω − z
, (A3)
holds, in particular from Eq. (A1) one infers J =∫
R
κ(dω). Furthermore, its imaginary part
Im [Kˆ(z)] =
∫
R
Im[z]
|ω − z|2
κ(dω), (A4)
is harmonic and non-negative for z ∈ C+. By the mean-
value property of harmonic functions a zero can occur
only if Kˆ(z) ≡ 0 for all z ∈ C+ which is excluded by the
asymptotic expansion, Eq.(A1).
Then the function Mˆ(z) obtained by inverting the rep-
resentation
iν + Mˆ(z) = −zJ−1 − Kˆ(z)−1, (A5)
is well defined and properties (1),(2) follow for Mˆ(z). Ex-
panding in powers of z−1 shows that Mˆ(z) = −Mz−1 +
o(z−1) for large frequencies, i.e. property (3) follows.
Last, taking the imaginary part yields
ν + Im[Mˆ(z)] = −J−1 Im[z] + Kˆ∗(z)−1 Im[Kˆ(z)]Kˆ(z)−1
(A6)
The r.h.s. is non-negative for z ∈ C+ as can be seen as
follows. Define the function
x(ω) = (ω − z)−1Kˆ(z)−1 − J−1. (A7)
Then
∫
R
|x(ω)|2κ(dω) ≥ 0 and upon expanding the
square one finds
Kˆ∗(z)−1
∫
R
κ(dω)
|ω − z|2
Kˆ(z)−1 − J−1 ≥ 0, (A8)
demonstrating ν + Im[Mˆ(z)] ≥ 0 in the upper complex
half plane. The asymptotic expansion, Eq. (A1), together
with the representation, Eq. (A2), shows that iν + Mˆ(z)
does not vanish identically. By the mean-value property
of analytic functions this implies even ν + Im[Mˆ(z)] > 0
for z ∈ C+. 
Note that in general it does not follow that Mˆ(z) corre-
sponds to a correlation functionM(t), a counter example
can be constructed involving for M(t) the difference of
two relaxing exponentials.
The proof is again suitable to generalizations for a
matrix-valued quantities, c.f. Ref. [13].
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